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Abstract
A family of structural ﬁnite elements using a modern absolute nodal coordinate formulation (ANCF) is discussed in the paper
with many applications. This approach has been initiated in 1996 by A. Shabana. It introduces large displacements of 2D/3D
ﬁnite elements relative to the global reference frame without using any local frame. The elements employ ﬁnite slopes as nodal
variables and can be considered as generalizations of ordinary ﬁnite elements that use inﬁnitesimal slopes. In contrast to other large
deformation formulations, the equations of motion contain constant mass matrices and generalized gravity forces as well as zero
centrifugal and Coriolis inertia forces. The only nonlinear term is a vector of elastic forces. This approach allows applying known
abstractions of real elastic bodies: Euler–Bernoulli beams, Timoshenko beams and more general models as well as Kirchhoff and
Mindlin plate theories.
Shabana et al. proposed a sub-family of thick beam and plate ﬁnite elements with large deformations and employ the 3D theory of
continuum mechanics. Despite the universality of such approach it has to use extra degrees of freedom when simulating thin beams
and plates, which case is most important.
In our research, we propose another sub-family of thin beams as well as rectangular and triangle plates. We use Kirchhoff plate
theory with nonlinear strain–displacement relationships to obtain elastic forces.
A number of static and dynamic simulation examples of problems with 2D/3D very elastic beams and plate underwent large
displacements and/or deformations will be shown in the presentation.
© 2007 Published by Elsevier B.V.
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1. Introduction
The development of ﬂexible multibody dynamics started from problems with small deformations and no rigid-body
motion. In the last decades, many efforts have been employed for problems having both large overall motion and large
deformations as well as with coupling of rigid and ﬂexible bodies into united structures. Analysis of complex systems
becomes impossible without using powerful computer-aided numerical methods. One can ﬁnd a wide review of various
approaches in the paper [10]. Here is a short overview of these methods.
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The ﬂoating reference frame formulation allows taking into account an arbitrary motion of the body-ﬁxed reference
frame. It is a very popular approach now due to its straightforward nature: it just employs rigid-body degrees of freedom
(d.o.f.) (usually six) in addition to nodal variables used in structural mechanics. As a consequence, it utilizes the same
stiffness matrix to obtain elastic forces. However, a mass matrix, centrifugal and Coriolis inertia forces and even
generalized gravity forces appear highly nonlinear in this approach. Moreover, local displacements of the ﬂexible-body
continuum are still supposed to be small. This does not allow simulating large deformation problems.
The incremental ﬁnite element approach is free from this disadvantage but, unfortunately, introduces another one.
Because of the use of inﬁnitesimal rotation angles as nodal variables, it leads to linearized kinematic equations and, as
a consequence, to inexact description of rigid-body displacements. To avoid this, one can apply an additional concept
of intermediate coordinate system.
The large rotation vector formulation has also been proposed for large deformation problems. It employs ﬁnite
rotation angles instead of inﬁnitesimal ones and that is why it can correctly represent an arbitrary rigid-body motion.
All these approaches suffer from the high non-linearity of the terms of equations of motion because of having to use
a local reference frame ﬁxed to a ﬂexible body. The following method is remarkable from this point of view.
The absolute nodal coordinate formulation introduces large displacements of ﬁnite elements relative to the global
reference frame without using any local frame. The elements employ ﬁnite slopes as nodal variables and are general-
izations of ordinary ﬁnite elements that use inﬁnitesimal slopes. In contrast to other large deformation formulations,
here the equations of motion contain constant mass matrices and generalized gravity forces as well as zero centrifugal
and Coriolis inertia forces. The only nonlinear term is a vector of elastic forces.
This approach allows applying known abstractions of real elastic bodies: Euler–Bernoulli beams [1], Timoshenko
beams and more general models [8] based on continuum mechanics as well as Kirchhoff and Mindlin plate theories.
An implementation of a more general plate ﬁnite element with the help of absolute nodal coordinate formulation
was proposed by Mikkola and Shabana [7]. In their paper, three-dimensional (3D) shape functions were used and
the 48-d.o.f. plate element was, in fact, a solid body. The authors applied solid mechanics theory to obtain elastic
forces.
In this paper, we consider thin plates only and propose several 2D plate elements [3,4]: rectangular ones with 48 and 36
d.o.f. as well as a triangle 27-d.o.f. one. These are the direct generalizations of the 16-, 12- and 9-d.o.f. elements usually
applied in the ﬁnite element method. We use Kirchhoff plate theory with nonlinear strain-displacement relationships
to obtain elastic forces as well as differential geometry of parameterized surfaces to calculate mid-plane deformations,
transverse curvatures and twist.
The proposed elements are able to correctly represent large overall motion because its shape functions contain a full
set of rigid-body modes. It also can represent large deformations due to nonlinear strain-displacement relationships
used in this paper.
2. Thin beam element using the absolute nodal coordinate formulation
In this section, we consider a way to use absolute nodal coordinate formulation as a generalization of the ﬁnite
element approach. In this section we describe it for a 2D beam, a generalization of this approach for plates is given in
Section 4.
Let us consider an Euler–Bernoulli beam element of length  in Fig. 1. The displacements y0, y and the slopes y′0,
y′ of its two nodes are assumed inﬁnitesimal. Its displacement ﬁeld can be represented as
y(x) = s1(x)y0 + s2(x)y′0 + s3(x)y + s4(x)y′,
where s1, . . . , s4 are the beam shape functions [13].
In order to specify arbitrary displacements of a beam element we can parameterize the beam centerline using the arc
coordinate p ∈ [0, ] and introduce two displacement ﬁelds x(p) and y(p) instead of y(x), as shown in Fig. 2.
Then, introducing the displacement and slope vectors at the end points
r0 = {x0 y0}T = e1, r′0 = {x′0 y′0}T = e2,
r = {x y}T = e3, r′ = {x′ y′}T = e4,
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Fig. 3. ANCF beam element.
we obtain the position of an arbitrary point of the beam as shown in Fig. 3.
r(p) = [s1I s2I s3I s4I]
⎧⎪⎨
⎪⎩
r0
r′0
r
r′
⎫⎪⎬
⎪⎭=
4∑
k=1
skek , (1)
here I =
[
1
0
0
1
]
. The summation signs will often be omitted below.
Note that now the displacements and slopes are not to be small. Besides, the tangent slope vectors should not have
the unit length, which shows the longitudinal deformation of the beam. It was shown by Berzeri and Shabana [1] that
the beam ﬁnite element built on this displacement ﬁeld can represent arbitrary large deformations as well as rigid-body
motions. In this paper, we will extend this approach to 3D plate elements.
3. Equations of motion of the beam element
Equations of motion of the presented beam element can be obtained from Lagrange equations
d
dt
(
(
T
e˙
)
− T
e
+ U
e
= W
e
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with the kinetic energy T = 12
∫ 
0 r˙
Tr˙ dp, the strain energy U and the virtual work W = ∫ 0 rTg dp of external
gravity forces g ( is the linear density in kg/m). The equations assume the matrix form
Me¨ + Qe = Qg, (2)
where the constant mass matrix M is introduced
M = 
420
⎡
⎢⎢⎢⎣
156I symm.
22I 42I
54I 13I 156I
−13I −32I −22I 42I
⎤
⎥⎥⎥⎦
as well as the vectors of generalized forces
Qe =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Qe1
Qe2
Qe3
Qe4
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
, Qg =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
g/2
g2/12
g/2
−g2/12
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
.
Block elements of the mass matrix Mij and the vector of generalized gravity forces Qgi are
Mij = 
2T
e˙ie˙Tj
= 
∫ 
0
sisj dpI = Mij I,
Qgi =
W
ei
= g
∫ 
0
si dp, i, j = 1, . . . , 4.
Elements of the vector of generalized elastic forces Qei = U/ei are the most cumbrous ones due to complexity of the
strain energy U. The latter is decomposed onto the energy due to stretching of the beam and one due to bending
U = U  + U = 1
2
∫ l
0
EA2 dp + 1
2
∫ l
0
EI2 dp
with the longitudinal deformation  and the transverse curvature . Longitudinal EA and transverse EI stiffnesses are
supposed to be constant within the beam element.
Berzeri and Shabana [1] developed several models of longitudinal and transverse elastic forces.
3.1. Longitudinal elastic forces
The vector of generalized forces due to longitudinal deformations is the gradient vector of the corresponding strain
energy U 
Qi =
U 
ei
= EA
∫ 
0


ei
dp. (3)
This expression contains the longitudinal deformation
 =
√
r′Tr′ − 1 ≈ 12 (r′Tr′ − 1). (4)
The latter formula represents Green’s nonlinear strain-displacement relationships [12,13] for the 1D case. To prove
this, let us consider a particular case of the displacement ﬁeld of the beam, whose initial conﬁguration is straight:
r = r∗ + u =
{
p
0
}
+
{
u1(p)
u2(p)
}
.
372 O. Dmitrochenko / Journal of Computational and Applied Mathematics 215 (2008) 368–377
The vector r∗ represents the initial conﬁguration, while the vector u speciﬁes deﬂections of the beam axis. Applying
the relations (4) leads to the following explicit expression for the longitudinal strain
 = u′1 + 12 (u′21 + u′22 ),
which contains both linear and quadratic terms.
3.2. Transverse forces
Transverse forces are calculated similar to the longitudinal ones:
Qi =
U
ei
= EI
∫ 
0


ei
dp. (5)
The curvature of the centerline is expressed in terms of the ﬁrst r′ and second r′′ derivatives of the radius vector r
on arc coordinate p
 = ‖r
′ × r′′‖
‖r′‖3 =
r ′1r ′′2 − r ′2r ′′1
(r ′21 + r ′22 )3/2
.
Thus, Eqs. (3) and (5) give the way to obtain the generalized elastic forces after substitution of the expression (1)
for the radius vector r. They are quite bulky but several assumptions and approximations are used for their calculation.
Different models of such forces have been proposed in papers [1,8,3,11]. They all take the ﬁnal form as follows:
Qe = K(e)e,
where K is a nonlinear stiffness matrix.
4. Nodal vectors and shape functions of the ﬁnite element of a thin plate
We start our consideration of plate elements from a 16-d.o.f. Hermitian rectangle element of sizes a (length), b (width)
and h (thickness) shown in Fig. 4. Each of its four nodes introduces 4 d.o.f.: e.g., we have a vertical displacement z1
for node 1, two slopes z′x1 = (z/x)1 and z′y1 = (z/y)1 as well as a second-order slope z′′xy1 = (2z/xy)1. The
displacement ﬁeld is expressed in terms of these nodal coordinates and shape functions as follows [13]:
z(x, y) = {S11, S12, S13, S14; . . . ; . . . ; S41, S42, S43, S44}q
with using Hermitian functions Sij (x, y)= si(x)sj (y) composed of 2D beam functions. q is the vector of nodal d.o.f.:
q = {z1, z′y1, z3, z′y3, z′x1, z′′xy1, z′x3, z′′xy3, z2, z′y2, z4, z′y4, z′x2, z′′xy2, z′x4, z′′xy4}T.
Following the same way as that in Section 2, we substitute the displacement ﬁeld z(x,y) by three separate scalar ﬁelds
x(p1, p2), y(p1, p2), z(p1, p2) that describe a parameterized surface r(p1, p2):
r = S e (6)
x
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O a
a
b bz1
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z4z3
Fig. 4. Standard 16-d.o.f. plate element
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Fig. 5. Nodal vectors of 48-d.o.f. ANCF plate element.
with the matrix of global shape functions
S = [S11I, S12I, S13I, S14I; . . . ; . . . ; S41I, S42I, S43I, S44I], (7)
Sij = si(p1, a)sj (p2, b) = sˆi ˆˆsj
Here we introduce the 3 × 3 identity matrix I as well as beam shape functions ( = p/)
s1(p, ) = 1 − 32 + 23, s3(p, ) = 32 − 23,
s2(p, ) = ( − 22 + 3), s4(p, ) = (3 − 2).
The vector of nodal coordinates used in expression (6) is as follows:
e = {r0000 r0100 r000b r010b r1000 r1100 r100b r110b r00a0 r01a0 r00ab r01ab r10a0 r11a0 r10ab r11ab}T, (8)
where we omit transpose signs T over the elements rijuv . These are the vectors
r
ij
uv = 
i+j r
pi1p
j
2
∣∣∣∣∣
p1=u
p2=v
(9)
that represent either displacement vectors (when i = j = 0) or slope vectors (when i + j = 1) or second-order slopes
(when i+j=2), see Fig. 5. Elements of the vector e are below referred to as e11, e12, e13, e14, . . . , . . . , e41, e42, e43, e44.
Thus, the introduced set of 2D shape functions of the plate element is a cross Cartesian product of sets of 1D shape
functions for beams. Such a fact, that the expressions are decoupled in parameters p1, p2, has a certain advantage for
our investigation: it allows reducing their double integration to a single one when developing elastic forces.
However, there is some disadvantage of using these shape functions due to the need for second-order slopes that
increase the number of d.o.f. from 36 up to 48 and do not have a clear geometrical meaning. A possibility to eliminate
higher slopes from the set of nodal coordinates (8) is shown in paper [5].
5. Mass matrix of the plate element
An explicit expression for the mass matrix can be obtained in a block matrix form
M =
⎡
⎢⎣
M11 M12 M13 M14
M21 M22 M23 M24
M31 M32 M33 M34
M41 M42 M43 M44
⎤
⎥⎦ ,
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where each block Mij is also a block matrix
Mij =
⎡
⎢⎣
Mij11 Mij12 Mij13 Mij14
Mij21 Mij22 Mij23 Mij24
Mij31 Mij32 Mij33 Mij34
Mij41 Mij42 Mij43 Mij44
⎤
⎥⎦ ,
Mijkl = MijklI, (10)
Mijkl =
∫∫
P
SikSjl dP = 
∫∫
P
sˆi ˆˆsksˆj ˆˆsl dP
= 
∫ a
0
sˆi sˆj dp1
∫ b
0
ˆˆsk ˆˆsl dp2 =  ˆ¯S
00
ij
ˆˆ¯
S
00
kl .
Matrices with hats are proportional to the mass matrices for beam elements (2).
Matrix ¯¯S is easy to calculate explicitly, too:
¯¯S = [ ¯¯S11I, ¯¯S12I, ¯¯S13I, ¯¯S14I; . . . ; . . . ; ¯¯S41I, ¯¯S42I, ¯¯S43I, ¯¯S44I],
¯¯Sij =
∫∫
P
Sij dP =
∫∫
P
sˆi ˆˆsj dP =
∫ a
0
sˆi dp1
∫ b
0
ˆˆsj dp2 = ˆ¯S
0
i
ˆˆ¯
S
0
j
the symbols with hats being well-known from the beam elements theory.
All terms in Eq. (2) are obtained except elastic forces Qe, which are the most difﬁcult to calculate due to complexity
of the strain energy.
6. Strain energy of the plate
Following theory of Kirchhoff plates, the strain energy of an orthotropic plate is decomposed on one due to longi-
tudinal and shear deformations in the mid-plane, and a transverse one due to its bending and twist [9,12]:
U = U  + U,
U  = 6
h2
∫∫
P
⎛
⎝ 2∑
i=1
2∑
j=1
Dij 
2
ij + 2D11221122
⎞
⎠ dP , (11)
U = 1
2
∫∫
P
⎛
⎝ 2∑
i=1
2∑
j=1
Dij
2
ij + 2D11221122
⎞
⎠ dP . (12)
The energies contain, ﬁrstly, elastic parameters of the material of the plate: ﬂexural rigidities D11,D22 and twist
stiffness D12
D11 = E11h
3
12 (1 − 1221) , D22 =
E22h3
12 (1 − 1221) , D12 = D21 =
E12h3
6
and also an additional stiffness coefﬁcient D1122 = 0.5(D1121 + D2212). The latter expressions depend on Young
moduli E11, E22 and a shear modulus E12 as well as on Poisson ratios 12 and 21. The ratios satisfy the condition
E1121 = E2212.
Secondly, the strain energy contains geometrical parameters of the plate: longitudinal deformations 11, 22 and shear
deformations 12 = 21 as well as transverse curvatures 11, 22 and the twist of the plate mid-surface 12 = 21.
When the plate is oriented in an arbitrary way and speciﬁed in a parameterized form r=r(p1, p2), we should use the
relationships from differential geometry of surfaces [2]. Then we obtain expressions for deformations in the mid-plane
of the plate
ij = 12 (rTi rj − ij ) (13)
O. Dmitrochenko / Journal of Computational and Applied Mathematics 215 (2008) 368–377 375
with Kronecker symbols ij as well as for transverse curvatures and twist
ij = rTijn/‖n‖3 (14)
with the normal vector n = r1 × r2. Other notations are the derivatives
ri = r
pi
= Simnemn, rij =
2r
pipj
= Sijmnemn. (15)
Computing the gradient vectors of the strain energies (11) and (12), we obtain the vectors of generalized mid-plane
and transverse forces. These cumbrous calculations were done in paper [5] in several variants.
7. Triangle plate element
This element is based on a standard 9-d.o.f. element used in structural mechanics. Deformed position of the element
is shown in Fig. 6. We deﬁne a mapping from a curvilinear coordinate system OPp1p2 to Cartesian frame Oxyz using
shape functions and nodal coordinates:
r =
3∑
m=1
2∑
n=0
Smn(L1, L2, L3)emn, (16)
where L1, L2, L3 are area coordinates that depend on curvilinear coordinates p1, p2
Li = 12 (ci1p1 + ci2p2 + ci3).
They are linearly dependent: L1 +L2 +L3 = 1, see [13].  is the area of the undeformed element. The coefﬁcients cij
depend on local coordinates 	k , 
k of the three nodes in the coordinate system OPp1p2
ci1 = 
j − 
k, ci2 = 	k − 	j , ci3 = 	j 
k − 	k
j
with a cyclic permutation  of the three indices: {i, j, k} =(1, 2, 3).
Explicit expressions for the shape functions expressed in area coordinates can be found in [13]:
Si1 = Li(1 − L2j − L2k) + L2i (Lj + Lk),
Si2 = L2i (ck2Lj − cj2Lk) +
1
2
LiLjLk(ck2 − cj2),
Si3 = L2i (cj1Lk − ck1Lj ) +
1
2
LiLjLk(cj1 − ck1).
Eq. (16) are formally identical to relation (6) for the radius vector, that is why all the formulas for elastic forces obtained
for the rectangular element remain valid for the triangle one. It is just necessary to take into account dependencies
e10 e11
e12
p1
p2
xO
y
OP
z
e20
e21
e22
e30
e31
e32
1
2
3
Fig. 6. Triangle plate element.
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between coordinates L1, L2, L3 and p1, p2 when calculating derivatives (15)
S
j
mn = Smnpj =
3∑
i=1
Smn
Li
Li
pj
=
3∑
i=1
Smn
Li
cij
2
,
S
ij
mn = pi
Smn
pj
=
3∑
k=1
ckj
2
3∑
l=1
2Smn
LkLl
cli
2
.
8. Using numerical integration
The values of integrals in Eqs. (2), (3), (5), (10)–(12) can be evaluated analytically using packages MathCad or
Maple as well as using numerical quadratures of Gaussian type [13,6]
∫ a
0
F(x) dx = a
2
N∑
i=1
wiF
(a
2
(1 + 	i )
)
,
∫ a
0
∫ b
0
S∗(p1, p2) dp1 dp2 = ab4
N∑
i=1
N∑
j=1
wiwjS∗
(
1 + 	i
a/2
,
1 + 	j
b/2
)
,
∫∫

S∗(L1, L2, L3) d =
N∑
i=1
iS∗(1i , 2i , 3i ).
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Fig. 7. Motion of an ellipsograph.
Fig. 8. Membrane ﬁxed in three edges: 12, 22, 32, 42, 62 and 82 elements.
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9. Simulation examples
Motion of a simple hybrid system is presented in Fig. 7. It contains an elastic beam and a rigid-body pendulum attached
to its mid-point [3,4]. The problem has large absolute displacements of both bodies and large relative deformations.
Fig. 8 shows a heavy square membrane hanged on its edges [5].
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